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A note on the Eady problem with ß:t=O 
Robby Griesche and Werner Metz 
Abstract 
The Eady problem is modified to allow for a non-zero ß parameter but retaining a zero meridi-
onal gradient of potential vorticity. Two different basic states are examined for which analytical 
solutions of the linearized quasi-geostrophic potential vorticity equation were obtained. As has 
to be expected in addition to the short wave cutoff to instability a non-zero ß parameter im-
plies a long wave cutoff, too. In both cases the solutions turn out to converge towards the 
classical Eady solution if ß-70. lt is found that the qualitative structure of the phase speed dia-
gramm and also the qualitative shape of the vertical structure of the unstable solutions turned 
out tobe rather insensitive to the specific settings of the basic state. 
Zusammenfassung 
Das klassische Eadyproblem wird auf die ß-Ebene verlagert, wobei der Grundstrom so modi-
fiziert wird, daß der meridionalen Gradienten der potentiellen Vorticity nach wie vor ver-
schwindet. Zwei verschiedene Grundzustände werden untersucht, für die analytische Lösungen 
der linearisierten potentiellen Vorticitygleichung erhalten werden konnten. Wie man erwarten 
konnte, bedingt die Einführung eines von Null verschiedenen ß-Parameters das Auftreten einer 
Langwelleninstabilitätsgrenze zusätzlich zu der Kurzwelleninstabilitätsgrenze des klassischen 
Problems. In beiden Fällen konnte weiterhin gezeigt werden, daß die Lösungen für ß-70 gegen 
die klassischen Eadylösungen konvergieren. Ferner stellte sich heraus, daß die qualitative 
Struktur des Phasengeschwindigkeitsdiagramms und die qualitative Gestalt der Vertikalstruk-
tur der instabilen Lösungen relativ unempfindlich gegenüber der genauen funktionalen Darstel-
lung des Grundzustandes sind. 
1. Introduction 
Since the classical treatments by Chamey (1947) and Eady (1949) baroclinic instability appears 
to be one of the most extensively studied problems in dynamical meteorology (cf. e.g. Drazin, 
1978 and referenccs therein). Only recently, the theme of Eady has been taken up by Lindzen 
(1994, in the following L94) who investigated the implications of retaining the key feature of 
Eady's problem, namely a zero gradient of potential vorticity, but modifying the basic state 
such that a non-zero ß-parameter can be accounted for. By assuming the reciprocal of the 
Brunt-Väisäla frequency to be a linear function of height and adjusting the basic state wind 
profile accordingly L94 obtained solutions of the modified Eady problem in terms of modified 
Bessel functions of zero order. Not unexpectedly L94 found that the inclusion of the ß-effect 
adds a long wave cutoff to instability to the classical Eady problem while it does retain the 
short wave cutoff. Furthermore, it tumed out that the real part of the phase speed for the 
unstable modes exhibits now a dispersive behavior where the longer waves are slowed down 
towards the speed of the basic state at the lower boundary. 
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lt is the purpose of the present note to extend the work of L94 by re-examining the modified 
Eady problem for some other basic states for which analytical solutions can still be obtained. In 
section 2 we recapitulate briefly the basic equations of the modified Eady problem. The differ-
ent basic states used and the results obtained are presented in section 3. In section 4 a discus-
sion is given and some conclusions are drawn. 
2. Basic equations for the modified Eady problem 
The governing equation is the linearized quasigeostrophic potential vorticity equation which 
states the conservation of quasigeostrophic potential vorticity for an adiabatic and frictionless 
flow. In particular, the Eady problem considers a flow on a mid-latitude ß-plane which is con-
fined in the vertical direction between two rigid lids at z = 0 and z = D, so that D defines the 
vertical scale of the fluid motion. Also, the vertical variation of density is approximated by an 
exponential of constant scale height H and it is assumed that H » D. In dimensionless form the 
linearized quasigeostrophic potential vorticity equation may be written (cf. e.g. Pedlosky, 
1987) as: 
(~ + u _i_)q' + d\jl dQ = 0 dt dx dx dy (1) 
where U = U(z) is the (dimensionless) zonal basic flow, 'I' is the perturbation stream:function, z 
= Z*D the dimensionless vertical coordinate and 
(2) 
is the perturbation potential vorticity and 
aQ = ß-~(! au) 
dy dz S dz 
(3) 
is the meridional gradient of the basic state's potential vorticity. In (3), ß = ß0L2 /U0 is the 
dimensionless ß parameter, L the horizontal length scale, U0 the velocity scale and 
S = N 2 D2 / f: L2 the dimensionless static stability parameter with N the Brunt-Väisäla fre-
quency. The vanishing of the vertical velocity at the upper and lower rigid lids implies the ver-
tical boundary condition for (1): 
(~ + U _i_) d\jl - d\jl dU = 0 z = 0 1 dt dx dz dx dz ' ' (4) 
The basic assumption of the Eady problem is {}Q!()y=O which makes the solution of (1) ana-
lytically feasible while retaining {}Q!(}y:tO implies a dramatic complication of the mathematics 
(cf. e.g. Green, 1960). In the classical Eady problem {}Q!(}y=O is achieved by assuming a con-
stant static stability (S=const. ), a constant vertical shear of the basic zonal flow (dU!dz=const.) 
and af-plane geometry (ß=O). 
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With ()Qldy=O a separation Ansatz is made for the variable 'V : 
'V = <1>( Z) sin(ly )eik! x-ct ! (5) 
where <I> is a ( complex) amplitude function, k and l are the horizontal wave numbers and 
c = Cr+ i c; is the complex phase speed which plays the role of an eigenvalue of the problem. 
Note that a solution is called unstable if Ci> 0. The governing equations (1) and (4) may then 
be written as: 
(u- c)(~2- d<I> -(k2+12 )<1>) = 0, 
dz S dz 
d<I> dU (U-c) dz -<I> dz =O, z=0,1 
(6) 
(7) 
In the following we shall examine some modification based on (6) and (7) of the classical Eady 
problem where ()Qldy=O is retained but we shall allow for a ß-plane geometry i.e. ß:;tO. 
3. Results 
a. Variations of the basic state 
To achieve {}Q!dy=O with ß:;tO one has to adjust U or S or both in such a way that the rhs of 
(3) vanishes. Integrating (3) with respect to z gives the required relationship between U and S 
namely 
dU} s( z) = - (ßz + a) , 
dz 
(8) 
where a = U'( 0 )/ S( 0) is an integration constant. Note that the values of U'(O) and S(O) are not 
individually fixed but only their ratio a is constant. The following variations are possible: 
1. S=So=const.: 
In this case the solutions to (6) can be expressed in terms of sinh(µz) and cosh(µz) as in the 
classical Eady problem where µ is a scaled total wave number ( µ2 = (k2+z2) S0). The neces-
sary adjustment of the basic state zonal wind from (8) is: 
U(z) = ~ ßS0 z 2 + U'(O)z + U(O) (9) 
2. This means, however, that the boundary conditions (7) and thus the eigenvalues c are diff er-
ent from the classical Eady problem. This variation is discussed below. 
3. U'=mo=const.: 
Here, S must be adjusted as S(z) = S0 l(S0 ßz / m0 +1) and as discussed by L94 one can 
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obtain solutions to (6) in terms of the zero-order Bessel functions /0 and Ko. 
4. S=S(z) and U=U(z): 
In this case one can prescribe either S(z) or U(z) and adjust the other according to (8), how-
ever, subject to the constraint that one can still find a solution to (6). Such a case has also 
been considered by L94 with S ( z) = S 0 / ( ÖS 0ßz / m0 + 1) , Ö< 1 a free parameter and U 
adjusted accordingly. As this S(z) has the same functional form as that for the case 2 L94 
obtained solutions again in terms of the zero-order Bessel functions 10 and K0• 
In the present paper we shall discuss the case U(z) - ln(S0 ßz / m0 +1) which yields 
S(z) - 1/ (S0ßz / m0 +1)
2 
so that a solution in terms of Bessel functions is no longer possi-
ble. 
b. Results for case 1: S=So=const. 
The basic zonal flow equation for the case of a constant static stability is (9) where we specify 
U(O) = 0 and U(l) = 1 which yields U'(O) = 1 - 112 ßS0, thus: 
(10) 
The adjusted U(z) is illustrated in Fig. 1 (open diamonds) for ß=l.62 and Sa=l/4. One can see 
that for these parameters the modification of U(z) produces only a small deviation from the 
classical problem wind profile (dashed line). As So=const., the general solution of (6) is identi-
cal to that of the classical Eady problem: 
<1>( z) = a sinh(µz) + b cosh(µz) , (11) 
where a and b are (in general) complex constants. Inserting (10) and (11) into the boundary 
conditions (7) yields a homogeneous system of equations for a and b. The phase speed c is 
then obtained from the condition for non-trivial solutions (i.e. the system determinant must be 
zero) as: 
c = 1-(1- B cothµJ ±-1 ./X, ß = µ 2 -4µcothµ+ 4 + (coth 2 µ-l)B 2 • 
l.Z 2 µ 2µ 
(12) 
In (12) the stabilization oflong waves (µ « 1) due to the ß-term is evident. Thus, in addition to 
the short wave instability limit of the classical Eady problem a long wave instability limit is 
implied by the ß-effect. On the other hand for short waves (µ » 1) c in (12) approaches the 
phase speed for the classical Eady problem. Instability, i.e. a negative discriminante ß in (12) 
can only occur if the parameter B is smaller than some a critical value Bcrit· This Bcrit can be 
explicitly obtained by solving the equation ß = 0 for B where ß is defined in (12). The depend-
ence of Bcnr on the scaled wavenumber µ is displayed in Fig. 2a. Note that because µ2 = (k2+z2) 
So the displayed Bcnr must be interpreted as ßcnrSo for some fixed value of So. Not surprisingly, 
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the short wave instability cutoff in the scaled wavenumber in Fig. 2a is nearly independent of 
ßcrit and approaches the classical Eady limit at µcrit = 2.3994 (cf. Pedlosky, 1987) for ß-? 0. 
On the other hand, with decreasing ß the long wave instability cutoff approaches µ = 0. The 
maximal ßcnt for which instability is still possible is z2/ So which can be achieved only for large 
horizontal length scales L or small wind scales U0• An alternative view of the instability cutoff 
is presented in Fig. 2b where we have plotted Scni=Bcriß for some standard value of ß as a 
function of the total wavenumber K= (k2+z2)112• One can recognize that in this display the long 
wave cutoff due to the ß-effect is virtually independent of the stability parameter So while the 
short wave cutoff depends strongly on stability. 
The real and irnaginary parts of the phase speeds c1,2 according to (12) are displayed in Fig. 3 
for some standard values of So and ß as a function of the scaled wavenumber µ. lt is clear 
from (12) that due to the ß-effect the real part of the phase speed Cr for unstable waves is 
always less than the value 112 of the classical problem and that Cr exhibits now a dispersive 
behavior. The steering level of the unstable waves lies always in the lower half of the fluid and 
approaches U(O) for long waves. For short neutral waves Cr(J,2J-? ±1 for µ-?oo as in the classi-
cal problem, however, for long neutral waves one branch of Cr behaves somewhat peculiar in 
that it approaches -oo as µ-?0. Please note, however, that the structure of Fig. 3 agrees quali-
tatively with the results obtained by L94 for his different basic state. 
lt is well known that the structure of the solutions of the Eady problem is entirely determined 
by the boundary conditions (7). In particular, the boundary conditions force the solutions to 
attain their maximal amplitude at the boundaries. In the classical Eady problem these extrema 
are equal while the inclusion of the ß-effect allows now for a vertical asymmetry of the wave 
solutions. This will become immediately clear if one looks at the necessary condition for 
instability (cf. e.g. Pedlosky, 1987) which using (6) and (7) may be written as 
l<1>1l2 _ U'(O) S(l) II-cl2 = 1 ll-cl2 
j<t>ol2 - S(O) U'(l) jcj2 1 + ßS(O) I U'(O) !cl2 (13) 
where the last equality comes from (8). As ß, S(O) and U'(O) are all positive, the first factor on 
the rhs of (13) tends to cause a !arger amplitude at the lower boundary. However, as cr<112 
due to the ß-term the phase speed factor tends to counteract this behavior by increasing the 
wave amplitude at the upper boundary. From the structure of the phase speed diagram (Fig. 3) 
one can see that the latter effect is particularly pronounced for the longer waves. The ratio 
l<1> 1j/j<1>0 j is displayed in Fig. 4 for three different stability factors S0• One can see that this ratio 
is always greater than one and for small wavenumbers µ near the longwave cutoff the ampli-
tude of the unstable waves at the upper boundary can exceed four tirnes the amplitude at the 
lower boundary. The ratio generally increases with increasing stability S0• Finally, the descrip-
tion of the vertical structure of the unstable waves is completed by the phase function arg(<l>) 
(not shown) which -sirnilar to the classical Eady solution - increases monotonically with height 
consistent with an westward vertical tilt of the wave solutions. 
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c. Solution to case 3: Prescribed zonal wind profile 
In this variation we prescribe the basic state zonal wind and adjust the static stability accord-
ingly. In particular, we consider a wind profile: 
U(z) = ln(~z + 1)' B = I, 
ln(B + 1) a (14) 
where again we choose U(O)=O and U(l )= 1. This profile is also displayed in Fig. l ( open cir-
cles) and it can be seen that U(z) is now concave with respect to height. From (8) the associ-
ated profile of the stability parameter is: 
B 
S(z) = a(Bz + 1)2 ln(B+1) · (15) 
Some profiles S(z) according to (15) for different values of B are illustrated in Fig. 5. One 
can recognize that increasing B , i.e. decreasing the integration constant a in (8) has the effect 
of increasing the static stability at the lower boundary and decreasing it at the upper. As this 
behavior near the lower boundary is somewhat unrealistic, but not unexpected (recall that there 
is no boundary layer in the problem), physically reasonable results can be expected only for 
relatively small values of B . 
As the factor l/S in the goveming DGL (6) is now a quadratic function in z, important conse-
quences for the solutions of (6) are implied. In particular, one can show that a solution in 
terrns of zero-order Besselfunctions as in the problem considered by L94 is not possible. 
Instead, we may find a solution of (6) in terms of a general power-Ansatz (Griesche, 1996) 
For that purpose we first assume: 
d 
<I>(z) = -A(z) 
dz 
(16) 
and integrate ( 6) once with respect to z using ( 16). Ignoring an integration constant which is 
irrelevant for the solution of our problem one obtains the following homogeneous DGL for 
A(z): 
d 1 B(k 2 +1 2 ) 
dz 2 A(z)- a(Bz + 1)2 ln(B + 1) A(z) = O · 
(17) 
Defining a new scaled wavenumber via 
_
2 =k
2
+l
2 
=(k2+l 2 )S(O) 
µ a U'(O)' 
(18) 
the general power Ansatz for A(z) 
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A(z) = (Bz + l)P (19) 
transforms the governing DGL (17) into a quadratic equation in the unknown exponent p: 
p(p - l) - B In( B + 1) = O · (20) 
Thus, the general solution of (17) can be written as: 
(21) 
where p1 and p2 are the two (real) roots of (20) and a and b are unknown constants. The dis-
persion relation for the phase speed c is then obtained in a straightforward but clumsy manner 
by inserting (21), (16), (15) and (14) into the boundary conditions (7) and requiring that the 
determinante of the resulting homogeneous system for a and b be zero. After some algebra one 
gets: 
c,, ~ ~(1-:, )±2~' ~. 
~=(B--2)2-B(B(l-W2)-2-2+2 wµz~B+I)w +1) 
µ µ (B+l)w -1 
(22) 
w = ~1+4µ21 ß ln(B +I). 
First, we would like to remark that using l'Hospital's rule one can show that (22) approaches 
the classical formula as B ~ 0 . Furthermore, also in this variation the real part of the phase 
speed for unstable solutions (~<0) is always less than 112 and exhibits a dispersive behavior. 
The phase speed diagram c(;I) according to (22) (not shown) turns out to be qualitatively 
similar to that obtained above for a constant static stability (Fig. 3) and also to that obtained by 
L94. In particular, also in this case short and long wave cutoffs to instability exist and the 
variation of these cutoffs with the parameter B is illustrated in Fig. 6 where we display c;(jI) 
for different values of B . One can see that in this case an increasing B has the effect to move 
the short wave cutoff to higher scaled wavenumbers jI while with decreasing B the cutoff 
approaches the classical value of 2.3994. Although ~ = 0 in (22) can't be solved explicitly for 
Ba numerical solution is still possible and we have verified that until very high ( and physically 
very unrealistically) values of B the equation ~ = 0 from (22) has always two real roots. This 
means, that unlike in the previous case we were not able to find a limiting value of B which 
inhibits instability. Instead, the region of instability is merely shifted towards higher values of 
il. 
For reasonable values of B the vertical structure of the unstable solutions turns out to be 
similar to that of the previous case. With respect to the ratio of the amplitudes of the solutions 
at the upper and the lower boundary still (13) applies. This ratio is illustrated in Fig. 7 for three 
different values of B . One can recognize that in this case the ratio is generally smaller than in 
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the previous case with S=const. and that it decreases with increasing B . Furthermore, for high 
values of B and sufficiently short waves the ratio can become < 1 so that the unstable waves 
attain their maximal amplitude at the lower boundary. 
4. Summary 
We have modified the classical Eady problem and used two different basic states that retain a 
zero meridional gradient of potential vorticity in the presence of a non-zero ß-term. In particu-
lar, the one basic state (case 1) bad S=const. and an adjusted basic zonal wind, while for the 
other basic state (case 3) we prescribed U(z) with a logarithrnic height profile and accordingly 
adjusted S(z). The solutions to the basic state case 1 were particularly simple and equal to the 
classical Eady solutions. However, due to the implied change in U(z) the boundary conditions 
and thus the phase speed equation were different from the classical solution. In the other case 3 
basic state the functional form of the changed S(z) suggested a solution in terms of a general 
power-Ansatz. In both cases, as has tobe expected, the non-zero ß-parameter implied a long 
wave cutoff to instability in addition to the short wave cutoff of the classical problem. Fur-
thermore, for both cases the solutions converged towards the classical Eady solution if ß~O. lt 
was also found that the qualitative structure of the phase speed diagram the qualitative shape 
of the vertical structure of the unstable solutions were sirnilar for both solutions. This suggests 
the modified Eady problem tobe rather insensitive to the specific settings of the basic state. 
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Phase speed diagram for the modified Eady problem, casel. Shown are the real (Cr, füll and dash-
dotted lines) and imaginary (Ci, dashed lines) parts for both modes of c. 
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